Using the Tolman-Oppenheimer-Volkoff equation and the equation of state of zero temperature ultra-relativistic Fermi gas based on GUP, the quantum gravitational effects on the cores of compact stars are discussed. Our results show that 2m(r)/r varies withr. Quantum gravity plays an important role in the regionr ∼ 10 3 . Furthermore, near the center of compact stars, we find that the metric components are g tt ∼r 4 and g rr = (1 −r 2 /6) −1 . All these results are different from those obtained from classical gravity. 
with dm(r) dr = 4πr 2 ρ(r),
where c is the velocity of light. G is the gravitational constant. P and ρ are respectively the pressure and the macroscopic energy density measured in proper coordinates. Supplied with an equation of state and appropriate boundary conditions, eqn.
(1) and eqn. (2) determine P (r), m(r) and ρ(r). If the pressure and gravitational potential is everywhere small, i.e., P (r) ≪ ρc 2 , 2Gm(r)/c 2 r ≪ 1, the TOV equation reduces to the fundamental equation of Newtonian astrophysics dP dr = −ρ(r) Gm(r) r 2 .
Most of the low density compact stars like white dwarfs are well described by Newtonian gravity. However, for compact stars like neutron stars and other exotic compact stars, general relativity plays an important role [3] . Although the real structures of neutron stars and other Fermi stars are very complicated, the most important physical property is given by a simple model in which the pressure of cold degenerate fermions contends against the gravitational collapse [2] . For the high density and high pressure cold Fermi stars it is worth considering the effects of quantum gravity. In the absence of a full theory of quantum gravity, effective models are useful tools to gain some features from quantum theory of gravity. One of the most important models is the generalized uncertainty principle (GUP), derived from the modified fundamental commutation relation [4, 5, 6, 7, 8, 9, 10] [
where
is the Planck constant and β 0 is a dimensionless parameter. With this modified commutator, one can easily derive the generalized uncertainty principle (GUP)
which in turn gives the absolutely smallest uncertainty in positions, i.e., the minimum measurable length
Note that the model in (4) considers only the minimal uncertainty in position. In this case, the quantum mechanics structure underlying the GUP has been studied in full detail [7] . The statistics of ideal gases based on GUP has been discussed by many authors [11, 12, 13, 14, 15] . In our recent work, we have studied a system composed of zero temperature ultra-relativistic Fermi gas based on GUP [15] . The Newtonian equation with uniform pressure was employed to discuss stellar structures. In this paper, we will apply the TOV equation to investigate the cores of the stars where quantum gravity plays a leading role. In [15] , the particle number, energy density and pressure for an ultra-relativistic system were given
It is worth noting that when κ increases, the pressure blows up, while the energy density and number density are both bounded. This is a manifestation of the minimal length. Two configurations of compact stars have been addressed in [15] , by applying the Newtonian limit eqn. (3) with uniform density. One is that the star is almost composed of ultra-relativistic particles. The other is that the major contribution to the mass is from non-relativistic cold nuclei. However, to discuss the core of ultra-compact stars like neutron stars, one should use TOV equations Setting r = r 0r , m = m 0m , P = P 0P and
the TOV eqn.s (1) and (2) are reduced to the following dimensionless ones
dm dr =r 2ρ .
When there is no introduction of quantum gravity, for a system almost composed of ultra-relativistic fermions, the equation of state isP =ρ/3. An exact solution is given in [16] 2m(r)
The pressure is not zero on the surface of the star. This does not meet the physical boundary conditions. However, the point is that it is an analytic solution describing the central region of compact stars with divergent pressure in the center [2] . Note that the length scale r 0 in eqn. (13) is uncertain. Thus r, m, ρ and P can be any size. From eqn. (16), the pressure is divergent in the center. Therefore, influences from quantum gravity should be included in the discussion. Obviously, near the surface, particles are non-relativistic while in the region around the center, particles are ultra-relativistic [2] . This determines the equations of state and boundary conditions. In the vicinity of r = 0, the equation of state is given by eqn. (7), eqn. (8) and eqn. (9) . Under the limit κ → 0, it is straightforward to recover P = ρ/3c 2 . Defining r = r 0r , m = m 0m with
where r 0 is the minimum radius in [15] 
The expressions (19) and (20) show the system can not be arbitrary scale, determined entirely by β 0 . This indicates that our discussion is focused on the central region of compact stars. Substituting the above expressions for P and ρ (eqn. (8) and eqn. (9)) into eqn. (14) and eqn. (15), one gets
Since the density is regular in the center, one has m(0) = 0 as a boundary condition. After setting κ 0 ≡ κ(0) as another boundary condition, eqn. (21) and eqn. (22) are integrated numerically in Table  I − Table V .
In Table I to Table III , we perform the integration with different κ(r). Four conclusions can be drawn from these tables:
• Different from the results obtained in classical gravity, 2m(r)/r varies withr but not a constant 3/7. For example, with κ(r) = 0.1 in Table I , the deviation of 2m(r)/r is about 4%.
• 2m(r)/r is not sensitive to different initial value κ 0 .
• For large κ(r) or smallr, quantum gravity contribution is important to the value of 2m(r)/r. As κ(r) decreases, orr increases, the configuration approaches the classical one obtained in [16] , with a constant 2m(r)/r = 3/7.
• Quantum gravity plays an important role in the region r ∼ 10 3 r 0 .
Some analytic solutions can be obtained in extreme cases as follow.
• Under κ → 0, it is easy to see that h(κ) ∼ κ 4 /4, g(κ) ∼ κ 4 /12. Then from eqn. (21) and eqn.
, we obtain 2m(r) r = 3 7 , κ(r) = 6 7
This solution is nothing but the classical one without quantum gravity.
• Under r → 0 and κ → ∞, eqn. (21) and eqn. (22) can by replaced by asymptotic expressions
The solution of these equations is m(r) =r 3 
12
, κ(r) = 32 π 1 r 2 , P (r) = 2 r 2 , forr → 0.
The solution (26) represents the situation where quantum gravity dominates. This happens near the center of ultra-compact stars. One can see that it is quite different from the solution of classical gravity. Table IV is the numerical result integrated for large κ(r), well consistent with the asymptotic solution (26). For a spherically symmetric static compact star, the metric is given by [3] g rr ≡ A(r) = 1 − 2Gm(r) rc 2
Then for r → 0, from (26), we have
One may compare (29) with the classical results
In Table V , eqn. (21) and eqn. (22) are integrated with a large initial κ 0 . It is interesting that 2m/r reaches a maximum value 0.734 in the vicinity of r = 3.00 r 0 . Our calculation shows that near the center, 2m/r =r 2 /6 which indicates that 2m/r increases withr. On the other hand, asr → ∞, 2m/r → 3/7. Therefore, the maximum of 2m/r at r = 3.00 r 0 is a turning point, where quantum gravity effect starts to dwindle. From Table V, one also finds that g rr has a small range of fluctuation. A minimum (1 − 0.279) −1 = 1.39 is achieved at r ≃ 12.5 r 0 . This minimum is about one-third of the maximum (1 − 0.734) −1 = 3.76 at r ≃ 3.00 r 0 . We do not have good explanation for this fluctuation. It may be caused by the effectiveness of our model. Finally, g rr tends to the constant 7/4 at larger as expected. The profile of 2m/r versusr is plotted in Fig 1. One can see that the upper limit, 8/9 on the surface of a spherically symmetric static star, is well satisfied.
In summery, we discussed the structure of ultra-compact star cores by a simple effective quantum gravity model. The model, GUP, introduces a new equation of state, determined by eqn.s (7), (8) and (9) . By plugging the equation of state into TOV equations, we found some different features from previous works in literature.
Since quantum gravitational effects play an important role only in high density, we considered configurations in which a star is almost composed of ultra relativistic particles. The asymptotic Table II : Integration from κ 0 to κ(r) = 0.01. The different initial value κ 0 has almost no effect on 2m(r)/r.r is large enough to overwhelm quantum gravity influences.
solutions near the center are given by (26) and (29). The complete picture is given by numerical calculation. Quantum gravitational effects play a leading role only in a relatively small range ∼ 10 3 r 0 = 10 3 √ β 0 ∆ min . Outside this region, the solutions are determined by eqn (16) and (30). Our discussion can be applied to neutron stars, for example. Table V : Integration with a fixed κ 0 = 1000. 2m/r reaches its maximum value 0.734 in the vicinity of r = 3.00 r 0 . 2m/r has a small range of fluctuation and achieves a minimum value 0.279 at r ≃ 12.5 r 0 . Eventually, 2m/r tends to the constant 7/4 at larger. Figure 1: For a fixed κ 0 = 1000, 2m/r versus the radius r = r 0r . Asr → 0, 2m/r ∼ r 2 . 2m/r has a maximum aroundr = 3. 2m/r acquires the asymptotic value 0.429 at large r. The dashed line represents 2m/r = 0.429 while the dotted line represents 2m/r = 8/9, the upper limit of 2m/r on the surface of a spherically symmetric static star.
